We introduce an affine-invariant version of generating functions of symplectic transformations of affine symplectic spaces, together with a generalization for other symmetric symplectic spaces. The composition of these functions has a nice connection with the Moyal product.
Let us start with the simplest, but probably the most useful result of this note. Suppose A is an affine symplectic space. There is an affine-invariant way in which functions on A generate symplectic transformations of A. Namely, let H be a function on A. At any point x ∈ A we take the vector u x defined by d x H = ω(·, u x ) (where ω is the symplectic form) and substitute it in A so that x lies in its middle. Then the map H sending the tails of u x 's to their heads is a symplectic transformation:
Notice that for infinitesimal Hamiltonians, this is the usual infinitesimal transformation generated by the Hamiltonian H . The map H → H is a kind of Cayley transform: choosing an origin in A to make it to a vector space, and restricting ourselves to H 's which are quadratic forms, we get the usual Cayley transform sp → Sp.
PAVOLŠEVERA
Symplectic transformation can, of course, be composed. The corresponding composition of generating functions is
=const.
This composition law is closely related with the integral kernel of the Moyal product,
the function exp( √ −1H/ ) is the leading oscillatory part of the Moyal product of exp( √ −1H 1 / ) with exp( √ −1H 2 / ). The composition law appeared previously in [2], which was inspired earlier in [1] , which should refer to even earlier [5] . More on the connection with quantization can be found in [4] .
Let us prove our claims. The graph of any symplectic transformation of A is a Lagrangian submanifold ofĀ × A. For each point x ∈ A the symmetry with respect to x is a symplectic transformation. Their graphs, together with the graph of the identity, can be used to identifyĀ × A with T * A:
Explicitly (as one immediately sees from the picture), a pair (P, Q) ∈Ā × A corresponds to ((P + Q)/2, ω(·, Q − P)) ∈ T * A. Here the vector-and-its-midpoint picture emerges.
